Abstract. Let C(d, k) and AC(d, k) be the largest order of a Cayley graph and a Cayley graph based on an abelian group, respectively, of degree d and diameter k. When k = 2, it is well-known that C(d, 2) ≤ d 2 + 1 with equality if and only if the graph is a Moore graph. In the abelian case, we have AC(d, 2) ≤ 
Introduction
In a graph Γ, the distance d(u, v) from vertex u to vertex v is the length of a shortest u-v path in Γ. The largest distance between two vertices in Γ is the diameter of Γ. Let Γ = (V, E) be a graph of maximum degree d and diameter k. According to the Moore bound, Γ has at most M d,k vertices, where
When the order of V equals M d,k , the graph Γ is called a Moore graph. Clearly complete graphs (k = 1) and cycles of odd order (d = 2) are Moore graphs. The study of Moore graphs began with the work of Hoffman and Singleton [15] . It is not difficult to see that a Moore graph of diameter k is always regular and its girth, namely the length of the shortest cycle contained in it, is 2k+1. Furthermore, it can be shown that a Moore graph is distance regular. The Hoffman-Singleton theorem states that any Moore graph with diameter 2 must have valency 2, 3, 7 or perhaps also 57. The graphs corresponding to the first three valencies are the cycle of order 5, the Petersen graph and the Hoffman-Singleton graph. The existence of a Moore graph with valency 57 is still open. As proved by Damerell [7] as well as Bannai and Ito [3] independently, there are no other Moore graphs; see [5, Section 23] too.
As there are very few Moore graphs, it is interesting to ask the following so-called Degree/Diameter problem.
• Given positive integers d and k, find the largest possible number N (d, k) of vertices in a graph with maximum degree d and diameter k. Since this is still quite a difficult problem, the following two problems have been investigated.
• Find good upper bounds for N (d, k) by proving nonexistence of graphs.
• Construct large graphs to increase the lower bounds for N (d, k). We refer to [19] for a recent survey on the Degree/Diameter problem.
By far, the best lower bounds for N (d, 2) follow from a construction by Brown [6] . The vertices of his graph are the set of points of PG(2, q), where q is a prime power. Two different points (a, b, c) and (x, y, z) are adjacent if and only if ax + by + cz = 0. This graph has q 2 + q + 1 vertices, it is not regular and its maximum degree
By extending the Brown's graphs appropriately, we can get rid of the strong restriction on d and show that
for sufficiently large integer d; see [25] . Clearly, this bound asymptotically approaches the Moore one.
Let G be a group and S ⊆ G such that S −1 = S and e / ∈ S. Here S −1 := {s −1 : s ∈ S}. The Cayley graph Γ(G, S) has a vertex set G, and two distinct vertices g, h are adjacent if and only if g −1 h ∈ S. Here S is called the generating set. A Cayley graph is always vertex-transitive and regular, and its valency equals #S. The following proposition gives us a strategy to construct Cayley graphs of diameter k. Proposition 1.1. The diameter of a Cayley graph Γ(G, S) is k if and only if k is the smallest integer such that all elements in G appear in
Cayley graphs have been extensively used in searching for lower bounds for N (d, k). Actually several largest known graphs are Cayley graphs; see [1] . By Proposition 1.1, to construct Cayley graphs of diameter 2, we need to find a subset S G such that G = {s 1 s 2 : s 1 , s 2 ∈ S}. Let us use C(d, k) to denote the largest order of Cayley graphs of valency d and diameter k. By Proposition 1.1, it is not difficult to see that
2 + 1, which coincides with the Moore bound. Up to now, for k = 2 the best result is obtained byŠiagiová anď Siráň in [24] , in which it is proved that in a family of nonabelian groups there exist Cayley graphs of degree d, diameter 2 and order larger than d 2 + 2k + 1 which reaches the above upper bound, and there is also a nice construction for d = 6. On the other hand, for large d and small k, the best general result up to now is obtained by Macbeth,Šiagiová anď Siráň in [18] :
where d = 4q − 2 for an odd prime power q. As Baker, Harman and Pintz proved in [2] that there is always a prime p such that p ∈ [x − x 0.525 , x] for sufficiently large x, we may extend (1) to all sufficiently large integers d, by simply adding more elements into the corresponding generating set; see [25] . Based on a similar approach, in [23] 
where p is a prime such that p = 13 and p ≡ 1 (mod 13).
Relative difference sets and direct product difference sets from finite Desarguesian planes play important roles in the construction of large Cayley graphs of diameter 2 in [18, 23, 24] . In Section 2, we give a short introduction to those generalized difference sets derived from finite projective planes. In Section 3, we summarize the known approaches on constructing large Cayley graphs with diameter 2 based on abelian groups and present two results to improve the lower bound for AC(d, 2) for infinitely many d.
Preliminaries
Let G a group of order v with the identity element e, and let D be a k-subset
, covers all elements in G\{e} exactly λ times. There are various generalizations of difference sets, such as partial difference sets, relative difference sets, etc.; see [4, Chapter 6] and [20] . In this paper, we need the following general concept.
Definition 2.1. Let G be a group of order v and N 1 , · · · , N r subgroups of order n 1 , . . . , n r . Assume that N 1 , · · · , N r intersect pairwise trivially. A (v; n 1 , . . . , n r ; k, λ; λ 1 , . . . , λ r )-generalized difference set (abbreviated to GDS) relative to the subgroups N i is a k-subset D of G such that the list of differences Furthermore, if r = 1, λ 1 = 0 and v = mn where n := n 1 , then we call D a relative difference set with parameters (m, n, k, λ) (an (m, n, k, λ)-RDS for short), and we call N 1 the forbidden subgroup. If N 1 is a direct factor of G, the RDS is called splitting.
Example 2.1. Let Z n denote the cyclic group of order n.
(
relative to the three exceptional subgroups
denote the set of formal sums g∈G a g g, where a g ∈ C and G is any (not necessarily abelian) group which we write here multiplicatively. We use "1" to denote the identity element of G. The set C[G] is basically just a complex vector space whose basis is the set of group elements. We add these vectors componentwise, i.e.
and we define a multiplication
, if a g and b g are all integers and a g ≤ b g for each g ∈ G, then we write D E.
If D = g∈G a g g, we define
An important case is
In [8] , Dembowski and Piper have classified finite projective planes with large abelian collineation groups into eight cases. Several cases of them have close connections to generalized difference sets with λ = 1. We refer to [16] for an introduction of projective planes. Let n and G be the order of the corresponding projective plane and collineation group respectively. We summarize these (generalized) difference sets D and the corresponding group ring equations (2) in the following, which can be found in [10, 11, 12, 13] .
(I) Planar difference set: Here D is an (n 2 + n + 1, n + 1, 1)-difference set and equivalently
(II) Relative difference set: Here D is an (n, n, n, 1)-RDS with a forbidden subgroup N of order n and equivalently
Here D is an (n + 1, n − 1, n, 1)-RDS with a forbidden subgroup N of order n − 1 and equivalently
(IV) Direct product difference set: Here D is an (n(n − 1); n, n − 1; n − 1, 1; 0, 0)-GDS relative to subgroups N 1 and N 2 of orders n and n − 1, equivalently
Here D is an ((n − 1) 2 ; n − 1, n − 1, n − 1; n − 2, 1; 0, 0, 0)-GDS relative to three subgroups N 1 , N 2 and N 3 , all of which are of order n − 1 and intersect pairwise trivially. In group ring C[G], it can be equivalently written as
where M i are certain subsets of size n − 1 in G and N i · N j = G for i, j = 1, 2, 3 and i = j. All known examples of these (generalized) difference sets come from projective planes, which are not necessarily desarguesian. Actually, there are generalized difference sets of types (II), (III), (IV) and (V) contained in nonabelian groups; see [17] for (II) derived from non-commutative semifields, [12] for (III) from nonabelian collineation groups of the Desarguesian planes and [14] for (IV) and (V) from nearfields.
Main results
In [18, 23] , the (q, q, q, 1)-relative difference set
and the direct product difference set
q , * ) are used to construct large Cayley graphs of diameter 2. A similar approach is applied in [24] using a direct product difference set in a nonabelian group with many involutions.
The main idea of all these approach can be described as follows. Let G be a group and D ⊆ G one of the generalized difference sets listed above. There are k subgroups N i , i = 1, . . . , k, where k ≤ 3. We know that the order of G is approximately n 2 and the orders of D and subgroups N i are approximately n. Let H be an additively written abelian group and we consider G × H. For A ⊆ G and h ∈ H, let (A, h) denote {(a, h) : a ∈ A}. Let Ψ, Λ i (i ≤ k) be subsets of H. Viewed as an element in the group ring, we define S ⊆ G × H as Let us look at the elements in S · S. There are several types of them:
, where M is of size n − 1 or 0 depending on D and i. To be precise, for (I), (II) and D · N 1 in (IV), #M = n − 1; for (III), D · N 2 in (IV) and (V), #M = 0.
Let us look at the first component of these sets. For the first three ones, we see that almost every element in G appears, which does not hold for the last two cases. We want to use S to define a Cayley graph of diameter 2. By Proposition 1.1, we have to show that every element in G × H can be written as s 1 s 2 where s 1 , s 2 ∈ S, i.e.
Hence one strategy is to choose Ψ and Λ i as small as possible such that
Then we will see that most of the elements in G× H appear in the set of differences.
For those exceptions, we may choose Υ carefully to generate more differences to cover them.
and H := Z 6 . Now the exceptional subgroups are N 1 = (F q , +)×{1} and N 2 = {0} × (F * q , * ). Let Ψ := {1}, Λ 1 = {0} and Λ 2 = {3}. It is easy to check that (3) holds. By choosing Υ = {(0, 1, 1), (0, 1, −1)}, it is routine to verify that S · S covers all the elements in G × H.
Next we are going to present two constructions of Cayley graphs which improve the lower bound for AC(d, 2).
3.1. Construction I. The first construction is based on neofields. Up to equivalence, the unique known ((n − 1) 2 ; n − 1, n − 1, n − 1; n − 2, 1; 0, 0, 0)-GDS in abelian groups exists in (F * q , * ) × (F * q , * ), where n = q. The three exceptional subgroups N 1 , N 2 and N 3 are F * q × {1}, {1} × F * q and {(x, x) : x ∈ F * q } respectively. The generalized difference set is
It is straightforward to check that
Clearly q is even if and only if D · N 3 equals G − N 3 . Theorem 3.1. Let q be a prime power and d = 8q − 6, q is even; 8q − 4, otherwise. Then
Proof. Let D := {(x, 1 − x) : x ∈ F q , x = 0, 1} andD be defined bỹ
The exceptional subgroups are N 1 := F * q × {1}, N 2 := {1} × F * q and N 3 := {(x, x) : x ∈ F * q }. By (4) and (5), we see that in the group ring C[G],
for i = 1, 2, 3. Now we define subset S ⊆G := G × Z 5 × Z 5 as an element in the group ring
where a 1 = (1, 0), a 2 = (0, 1), a 3 = (0, 2) and d = (1, 0). Hence, in the language used before, Ψ = {d} and Λ i = {a i } for 1 ≤ i ≤ 3. First, it is not difficult to see that
Second, one verifies
Together with (7), we know that S · S covers all the elements inG. As #S = 8q − 6, if q is even; 8q − 4, otherwise.
which equals the valency d of the graph, we have
Together with the fact that the order of the graph equals 25(q − 1) 2 , we get (6).
Remark. It is natural to ask whether we can improve Theorem 3.1 by choosing suitable subsets Ψ and Λ i in H which is not isomorphic to Z 5 × Z 5 . We made an exhaustive computer search up to #H = 50, and there is no better result. Proof. The proof that D is a (q, q, q, 1)-relative difference set can be found in [21, 22, 26] . Actually D corresponds to the trivial planar function f (x) = 0 defined over F 2 m which gives rise to the Desarguesian plane of order 2 m . For the readers' convenience, we repeat the proof.
Noting which is smaller than 4/9 when s ≥ 4. Therefore, it is impossible to improve the result in Theorem 3.4 by using the same approach with any other groups H of size larger than 4.
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